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Abstract: The purpose of this paper is to solve fractional differential equations by using fractional Laplace
transforms based on Jumarie’s modified Riemann-Liouville (R-L) fractional derivative. A new multiplication of
fractional analytic functions plays a vital role in this research. We give some examples to illustrate the application
of fractional Laplace transform in solving fractional differential equations. In fact, the method we use is a natural
generalization of the Laplace transforms of analytic functions.

Keywords: fractional differential equations, fractional Laplace transforms, Jumarie’s modified R-L fractional
derivative, new multiplication, fractional analytic functions.

I. INTRODUCTION

Fractional derivatives of non-integer orders are widely used in physics, mechanics, dynamics, and mathematical
economics [1-8]. Until now, the rules of fractional derivative are not unique. Many authors have given the definition of
fractional derivative. The commonly used definition is the Riemann-Liouvellie (R-L) definition [9-12]. Other useful
definitions include Caputo definition of fractional derivative, Grunwald Letinikov (G-L) fractional derivative,
conformable fractional derivative, and Jumarie’s modified R-L fractional derivative [9-12]. Jumarie’s modification of R-L
fractional derivative helps to avoid non-zero fractional derivative of constant function [13].

This paper introduces some fractional analytic functions such as the fractional exponential function, fractional cosine and
sine functions. Based on Jumarie type of modified R-L fractional derivative, some fractional differential equations are
solved by using the fractional Laplace transform of some fractional analytical functions. A new multiplication of
fractional analytic functions plays an important role in this study. On the other hand, the method used in this paper is the
extension of classical Laplace transform. In addition, the introduction and application of fractional Laplace transform can
be referred to [14-16].

I1. DEFINITIONS AND PROPERTIES
First, the fractional calculus used in this article is introduced below.

Definition 2.1: Suppose that « is a real number, and p is a positive integer. The Jumarie type of modified Riemann-
Liouville fractional derivative [17] is defined by

e =D (@, ifa<0
(tng)[f(t)] = ! r(11—a)%f:0(t -0 f(@) - f(a)ldr fosaxl1 @h)
%(ttha_p)[f(t)], ifp<a<p+1

where T( ) is the gamma function. Moreover, we define the « -fractional integral of f(t) by (tolt"‘)[f(t)] =
(¢,Di*)[F ], where a > 0. If (,I#)[f ()] exists, then f(¢) is called an a-fractional integrable function. For any
positive integer n, we define (tolf‘)n[f(t)] = (eof8) (e, I8) = (¢ IE)[F (©)], the n-th order fractional derivative of f(t).
We have the following properties.
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Proposition 2.2: If a, 8, c are real numbers and 8 > a > 0, then

r'(B+1) _
oDE[tF] = mtﬁ a )
and

oD [c] = 0. ©))

Next, we define the fractional analytic function.

Definition 2.3 ([18]): If ,¢t, , and a; are real numbers for all k, t, € (a,b), 0 < @ < 1. Suppose that the function

fo:la, b] = R can be expressed as an a-fractional power series, that is, f, (t%) = Z,;";or(ka—"(t — to)** on some open

a+1)
interval (t, — r,t, + 1), then £, (t%) is called a-fractional analytic at t,, where r is the radius of convergence about t,. In
addition, if f,:[a, b] = R is continuous on closed interval [a, b] and it is a-fractional analytic at every point in open
interval (a, b), then £, is called an a-fractional analytic function on [a, b].

In the following, we introduce some fractional analytic functions.

Definition 2.4 ([19, 20]): The Mittag-Leffler function is defined by

k
Eq(2) = Xx=o ﬁ, 4

where « isareal number, o = 0, and z is a complex number.

pktka

Definition 2.5 ([21]): Let 0 <a <1, and p,t be real numbers. E,(pt*) = X’ o is called « -fractional

I'(ka+1)
exponential function, and the a-fractional cosine and sine function are defined as follows:

(_1)kp2kt2k(l

cosq (pt) = Xizo rzka+1) ' ®)
and

) o (—1kp2k+1 ki
sing (pt®) = B 2l ——— ®)

r((2k+1)a+1)

In addition, the a-fractional hyperbolic cosine function and hyperbolic sine function are defined by
cosha (pt®) = [Ea(pt®) + Eq(—pt®)], )

sinhg (pt®) = = [E,(pt®) — Eo(—pt®)]. ®)
Proposition 2.6 (fractional Euler’s formula): Let 0 < a < 1, then

E,(it%) = cos, (t%) + ising (t%) . 9)
A new multiplication of fractional analytic functions is introduced below.

Definition 2.7 ([18]): Assume that 0 < @ < 1, f,(t%) and g, (t%) are two a-fractional analytic functions,

fat®) = Tty £ (10)
9a(t) = Eorgu £ (11)
We define
f2(t%) ® ga(t?)
=y, r(kiekﬂ) the @ Z?:o%tka
= S 0rors (B0 () @iombn) £ (12)

Theorem 2.8 (integration by parts for fractional calculus) ([22]): If 0 < @ < 1, a, b are real numbers, and f, (t%), g, (t%)
are a-fractional analytic functions, then
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() [t ® (aD)[9a(tD]] = £ultD® gatDIE = (alf) [92 (%) ® (WD) IfutD)]]. (13)
Proposition 2.9 ([21]): If 0 < @ < 1, and A, u are real number, then
Ea(At)®E, (ut®) = Ey (A + mt®). (14)

We give the definition of fractional Laplace transform as follows.

Definition 2.10: Assume that 0 < @ < 1, s is a real variable, and f,(t%) is an a-fractional analytic functions defined for
all t = 0. The function F,(s) defined by the a-fractional improper integral ( 0Ij’_‘oo)[ E (—st®)Qf, (t¥)] is called the a-
fractional Laplace transform of the function f, , and is denoted by L,{ f,,(t*)}. That is,

Fo(8) = Lo{ fa )} = (olfe)[ Ea(=st )@, (tM]. (15)

Furthermore, the given a-fractional analytic function f,(t%) is called the inverse a-fractional Laplace transform of F,(s)
and is denoted by L7{F, (s)}; that is, we shall write f,(t%) = L3'{F,(s)}.

Next, we introduce some properties of fractional Laplace transform.

Proposition 2.11 (linearity of fractional Laplace transform): The fractional Laplace transform is a linear operation; that
is, for any fractional analytic functions f,(t%) and g,(t*) whose fractional Laplace transforms exist, then for any
constants a and b, the fractional Laplace transform af,(t%*) + b g,(t%) exists and

La{a fa(t*) + Db ga(ta)} = aLa{fa(ta)} + bLa{ ga(ta)}' (16)

Theorem 2.12 (first shifting theorem for fractional Laplace transform) ([14]): Suppose that 0 < a < 1, p, k are real
numbers, and f,(t*) has the fractional Laplace transform F,(s) for s > k. Then E,(—pt*)® f,(t*) has the fractional
Laplace transform F, (s — p) for s > k + p. In formula,

Lo{E(pt)® fo(t9)} = Fo(s — p). a7

Proposition 2.13 ([14]): If 0 < a <1, s,t,p, w are real numbers, t = 0, and n is a positive integer. Then

L,{1} = % , Where s > 0 (18)
L AE,(pt®)} = ﬁ , Where s > p (19)
r
L {t"*} = (S"n“:) , Where s > 0 (20)
Lo{cosy(wt®)} = #, where s > 0 (21)
Lo{sing(wt*)} = # , where s > 0 (22)
Lo{cosh,(pt®)} = ﬁ, where s > |p| (23)
Ly{sinh,(pt*)} = SZI_JPZ , Where s > |p| (24)
Lo{E,(pt®)®cos, (wt®)} = ﬁ , where s > p (25)
La{Ea(pt“)(X)sina(wt“)} = m s where s > p (26)

Remark 2.14: Let 0 < a <1, f,(t*) be an a-fractional analytic function. Then f,(t%) has a Laplace transform if it
does not grow too fast, that is, if for all t > 0 and some constants M and k, it satisfies the growth restriction

| fa (I < MEq (kt®), @7)

where || £, (t9)I| = [ £(t9)® f,(t%)]% .

Theorem 2.15 (fractional Laplace transform of fractional derivatives): Let 0 < a < 1, and if £,(t%), ( oD&)[f(tD],...,
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(ODf‘)n_l[fa(t“)] are continuous for all t > 0 and satisfy the growth restriction. Then the a -fractional Laplace

transform of ( oD&)"[f,(t®)] satisfies
La {(0D8) Ut} = 5™ Lalfua (6} = s (0) = ™2 (D) ful(tDI(0) = = (6DE)" [fatI(0).  (28)
Proof Since La{( oD%)[f, ()]}

= (1) [ Eal=5t®( DO fe(t)]]

= Jlim (o1) [Ea(=st)®( D) fa(t)]|

= lim [E,(=st)®f(t)] = £(0) +5- lim (oI )[Ea(=st)@f(t™)]

(by integration by parts for fractional calculus)
= sLa{fa(t)} = £(0).
Using induction yields the desired result holds.
Q.ed.
I1. SOME EXAMPLES

In the following, we give several examples to illustrate the application of fractional Laplace transform in solving
fractional differential equations.

Example 3.1: If 0 < @ < 1. Solve the second-order fractional differential equation

2
(oDF) [at)] = ya(t®) = t% y2(0) = 1, (oDf)[ya(t1(0) = 1. (29)
Solution Suppose that the a-fractional Laplace transform of y, (t%) is Y, (s). Then by Theorem 2.15,
52Yo(5) = 5Y4(0) = (D) [Ya(tN(0) = Yo(s) = 52, (30)
Therefore,
(52 = DY(s) = s+ 1+ 52, (31)
Thus,
_ s+l I'(a+1)
Ya(s) T s2-1 + s2(s2-1)
1 [(a+1) T(a+1)
Tos-1 ' s2o1 sz (32)

Hence,
ya(ta) = LTxl{Ya(s)}

—L‘l{ 1 +F(a+1) F(a+1)}
T ls—1" s2-1 52

} o {F(a + 1)}

=L-1{L}+F(a+1)-L-1{
“ls—-1 « 52

s2—1
=FE,(t%) +T(a+ 1) sinh, (t%) — t%. (33)

Example 3.2: Let 0 < a < 1. Solve the following second-order fractional differential equation

2
(D) [ya(t)] + 2( oDF)[Ya(tD)] + 574 (t*) = E(—t*)®sing (t*), ya(0) =0, ( D)y (t]1(0) = 1. (34)
Solution If the a-fractional Laplace transform of y, (t%) is Y, (s), then

La {(DF) a1} + 2Laf( oDE) a(t ]} + 5Lalya (t)} = LalEa(—t)@sing (t%)}. (35)
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Using Theorem 2.15 yields

(52,5 = 570(0) — (DE) 3 (EDNO) + 25, (5) — 7o (0} + 5%, (5) = oy (36)
(s2 425+ 5)Y,(s)— 1= 52+;+2 . (37)
Therefore,
5242543 1 1 1 2
Yo(s) = (s2425+2)(s2425+5) 3 (s+1)241%2 ' 3 (s+1)242Z " (38)

Ya () = L' {Yo ()}

(1 1 1 2
- e b
3 (s+1)24+12 3 (s+1)2+22

-3 @ e 5 W e
= 2+ B (—t*)®[sing (t%) + sing (2t)]. (39)
Example 3.3: Assume that 0 < a < 1. Solve the third-order fractional differential equation
(oD8)’ e (t™)] = 3( oD?‘)z[ya(t“)] +3( oD ) [Ya (D] = ya (t*) = t**®E,(t%),
Ya(0) = 1, (D) ya(tD1©0) =0, (6DE) [ya(tD(©0) = -2. (40)
Solution Let the a-fractional Laplace transform of y, (t%) be Y, (s). Since
La {( D)’ a1} =3La { (0PF) at D]} + 3La{( D) Vat )]} = Ll (6} = Lo{t**®E,(t%)}.

It follows that

(41)

{s37(5) = $74(0) = 5 (o DF)at9]©) = (D) [ya(tD] ()} — 3{52Ya(S) = 572(0) — (6D ya(t1(0)}

ra+1)

+3{sYo(s) — y2(0)} — Yo (s) = (s-13

Therefore,
(s3-3s2 +3s— 1Y, (s) —s?+3s—1= F((:_L:)? . (43)
And hence,
__s%-3s+1 | T(2a+1)

Ya(s) = s + oo
_ 111 r(2a+1)
T G- -3 T e-pe (44)
Thus,

ya(ta) = L?xl{ya(s)}
o111 TRa+l
= Lo {5—1 G-1)7 (s—1)3+(s—1)6}

— -1 {L} _ 1 ! {F(a+1)} _ 1 . Lal {F(2a+1)} + r2a+1) Lal {F(5a+1)}

T e s-1)  r@e+1) % l(s-1)2 ra+1) (s-1)3 r(a+1) (s-1)6
_ ay _ 1 .« ay _ 1 L 12a a F(2a+1) 54 a
= Eo(t9) T(a+1) LY®E(t9) r(2a+1) L IRE(t )+F(5a+1) LERE(t9)
_ _ 1 Lra 1 L 12a ra+1) . +5a a
_[ [(a+1) r(2a+1) t +F(5a+1) t ]®E“(t ). (45)
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IV. CONCLUSION

In this paper, fractional Laplace transform is used to solve fractional differential equations. In fact, the method we use is a
generalization of the Laplace transform of analytic functions. In addition, the new multiplication we defined is a natural
operation in fractional calculus and plays an important role in this article. In the future, we will study the problems of
engineering mathematics and fractional calculus by using Jumarie type of modified R-L fractional derivative.
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